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Abstract

In informationtheory, thetermcomplexity hasbeenusedasmeasureof informationcontentin
agivenpieceof data.Basedonsuchameasure,informationencodingschemeshavebeenevaluated
for theirefficiency. Formeasuringthecomplexity of atextualdata,probabilisticmeasureshavebeen
used. Suchmeasuresdo not seemrelevant for the datarepresentinggeometricinformation. The
recentinterestin theareaof compactencodingof geometricdatamotivatesthis studyof defining
complexity measuresin thecontext of geometricmodelsandcompressionof geometricinformation.

Thespecificissueswestudyare:� Whatconstituesinformationin geometricmodels?� How to modelandencodegeometricinformationfor compactencoding?� Whatcanbethemeasuresof complexity for differentkindsof geometricmodels?

1 Intr oduction

3D Geometricmodelsarebeingextensively usedin many applicationsrangingfrom engineeringde-
sign,analysis,visualization,architecturalmodeling,virtual mock-ups,games,entertainmentandsoon.
With theincreasingcapabilitiesof thecomputingenvironments,visualizationhardware,moderninter-
active modelingtools [10] andsemi-automatic3D dataacquisitionsystem[3], largeandcomplex 3D
modelsarebecomingcommonplace.Largemodelsposebasicproblemsof efficient storage,transmis-
sion, rendering,analysis,etc. Many applicationsusing3D modelsrequiretime-boundresponse.For
example,interactivevisualizationsystemsrequirecertainnumberof framesto berenderedpersecond
to be usable– irrespective of the sizeof the model. Complex modelsdefinedin greatdetail cannot
be usedassuchdueto the limited bandwidthof storage,transmission,processing.To dealwith this
mismatchbetweenthecomplexity of the3D modelsandthecapabilityof theresources,threeareasof
researchhave emergedeminently:(a) simplificationof geometricmodels(seea survey in [7]), (b) ge-
ometrycompression[6, 11,16, 19,20] and(c) progressive transmissionanddisclosure[2, 14,17,18].

The simplificationandcompressiontechniquesidentify redundancyin the representationof the geo-
metricmodelsandarriveatanew representationthatcompactlyencodesthenon-redundantinformation
in themodel.Thekey point hereis thatsomefeaturesin themodelsrepresentthesignificantinforma-
tion that areof geometricandvisual importancefor the consumptionof the data. The simplification
techniquessuppressthe lesssignificantfeaturesandtherebyalsoreducethe datathat wasneededto
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describe� thosefeatures.The loss-lessgeometrycompressionalgorithmsreducethe repeatedinteger
referencesto the verticesin the connectivity. The lossygeometrycompressiontechniques,however,
strip off the geometricdetailsby eitherreducingthe numberof triangles/polygonsor numberof bits
per the coordinatesof vertices. The progressive transmissionschemesidentify andtransmitfirst the
informationthatrepresentesthesignificantfeaturesof themodel,followedby theotherinformationthe
constitutestheotherdetails.

The motivation of this study is to determinesomemeasureof complexity of a geometricmodel (in
particularfor a3D polygonalmeshmodels)for answeringthefollowing questions:

1. Whatconstitutesinformationin geometricmodels?

2. How to modelandencodegeometricinformationfor compactencoding?

3. Whatcanbethemeasuresof complexity for differentkindsof geometricmodels?

4. Whatcanbeoptimalcompressionachievablefor a givegeometricmodel?

5. Is it possibleto arrive at an informationtheoreticframework for estimatinginformationcontent
andcomplexity of agivenmodel?

Complexity measuresareneededfor practicalrequirementsof processinglargegeometricmodels.For
processingneedssuchasrendering,computationof globalillumination,computationalfluid dynamics,
etc.thetimerequiredto completethecomputationsis largelydependenton thecomplexity of thegiven
model.It is veryhelpful to know thecomplexity of themodelto estimatethetimerequiredto complete
thecomputationaljob. On theotherhandis alsousefulto reducethecomplexity of themodelto some
measurethatcanbehandledby thecomputationaltaskin afixedamountof time.

The rest of the report is organizedas follows. In the next sectionwe characterizevariouskinds of
modelsanddescribethefeaturesthatcharacterizethem.Wealsosurvey thepreviouswork in derivation
of shapecomplexity measures.We concludeby highlightingthelimitationsof thework donesofar in
thedevelopmentof complexity measure.

2 Characterization of Models

2.1 SomePreliminary Definitions

Polygonmeshmodelsaretypically definedin termsof (a)geometry– thecoordinatevaluesof vertices
of themeshesmakingupthemodel,(b) connectivity– therelationshipamongtheverticeswhichdefines
thepolygonalfacesof themesh(alsocalledastopologyof themesh),and(c) attributes- suchascolor,
normalandtexturecoordinatesat thevertices.

Otherinformationsuchastexture imagesandmaterialpropertiesarealsocommonlypresentasa part
of themodels,usuallyassociatedwith meshesor groupsof meshes.

A polygonalmeshmodel � consistsof a set � of polygon meshesand associatednon-geometric
properties.A polygonmesh� ��� consistsof a set 	 of vertices,a set 
 of edgesanda set � of
polygons. Eachvertex correspondsto a point positionfrom the set � 
�������������� . An edge � is
representedasa pair ��� �"!#�%$'& of referencesinto the list of vertices. A polygon ( is representedasa
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sequence) �*�+�"!,�-$�!�././.0!#�%12& of referencesinto thelist of vertices.A triangle meshis a specialcasehaving
all triangularpolygons. Generallyin the actualrepresentation,edgesare implied andnot explicitly
stored.

A meshhaving eachedgesharedby at most two polygonsandat leastonepolygon forms a mani-
fold. A meshhaving an edgesharedby morethantwo polygonsrepresentsa non-manifold. A mesh
representingamanifoldsurfaceis closedif all edgesaresharedby 2 polygons,otherwiseit is open.

In ameshmodel � , wecall two polygonsasneighbouringpolygonsif they shareanedge.Thereexists
a pathbetweenpolygons(3� and (+4 if thereis a sequenceof neighbouringpolygons(3�5!6(7�"!6(�$�!2.0./.0!8(+4 . A
subset��9 of themeshmodel � is calledaconnectedcomponentif thereexistsapathbetweenany two
polygonsin ��9 . Notethatagivenmeshmodelmayhavemultiple connectedcomponents.A meshcan
betrivially decomposedinto its connectedcomponentsusingsimplelabellingalgorithm.

Whenderiving a compactencodingfor 3D models,therearethreeprocessesthatwork on a polygonal
meshmodel � andarein somesenserelated:compression,simplificationandprogressivedisclosure.

Compressionis theprocessof deriving a new encodingfor a givenpolygonalmeshmodel � suchthat
thenumberof bits neededin thenew encodingis muchsmallerthanthenumberof bits neededfor the
uncompressedrepresentation.If :;�8�;& and <=�8�>& denotethenumberof bits for theuncompressedand
thecompressedversionsrespectively, thenthecompressionratio is definedas

<��?
 :;�8�>&A@B<C���;&
:;�8�>& .

Compressionis saidto be lossy if the decompressionprocesscannotgive backthe original polygon
meshmodelexactly.

Simplificationis the processof deriving a new representationD , often referredto asan imposter, for
a given polygonalmeshmodel � by which D becomessimpler to dealwith normally for rendering
purposes.This is usually in the form of lessernumberof meshesor polygonsor verticesand the
eliminationof fine detail in geometryandassociatedinformation,etc. Clearlysimplificationis a kind
of lossycompression.A comprehensivereview of simplificationtechniquesmaybefoundin [7].

Progressivedisclosure is theprocessof deriving anew representationof agivenpolygonalmeshmodel
� , which enablesone to transmita coarserepresentationof the modelfirst andsubsequentlytrans-
mit thedetailsto refineit. Compressionstrategieshave beenusedin theprogressive representationof
modelsto alsomake theentiretransmissiondatacompact.Many groupshave developedcompression
schemesincorporatingprogressive disclosurecapabilities[2, 14, 17, 18]. The schemesthat combine
compressionandprogressive disclosurealwayshave a trade-off betweencompressionand the addi-
tionaldataneededfor progressiverepresentationof themodels.

2.2 Classificationof 3D Models

While a numberof mathematicalrepresentationssuchasquadrics,bi-polynomials,NURBS, sweeps,
Booleanoperationsetc.may beusedduring the initial creationof the3D models,thefinal evaluated
andstoredrepresentationis usuallyin theform of polygonalmeshes,mostcommonly, trianglemeshes.
Many compressiontechniqueshave thereforefocusedon suchtrianglemeshrepresentations.Quite
naturally, specificcompressionschemesarebestsuitedto specificclassesof suchcomplex 3D models
with well distinguishableshapecharacteristics.
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Figure1: Classificationof 3D models:Geometriccomplexity versusCombinatorialcomplexity

Therehavebeena few attemptsto classify3D models.Thesearenormallybasedonsomeformulation
for measuringthecomplexity of theshapesandtheir representations.An earlyattemptis by Forrest[4]
in which heclassifiesgeometricmodelsalongthreeaxes:geometriccomplexity (lines,planes,curves,
surfaces,etc.),combinatorialcomplexity (numberof components,edges,faces,etc.) anddimensional
complexity (2D, 2.5D, 3D). More recentattemptshave tried to relatepolygonal representationsto
shapefactors [21, 1, 5, 8, 12]. Theshapefactoraddressesthecomplexity measurealongthegeometric
complexity dimension.Someof thelarge3D geometricmodelspresentlybeingworkeduponin various
computergraphicsresearchlaboratoriesaroundtheworld areshown in Figure1 positionedin Forrest’s
modelclassificationspace.

Unlike digital modelsof naturalshapessuchas terrains,anatomies,sculpturesandso on, suchen-
gineeringmodelsinvariably have a numberof repeatedcomponents,e.g.,windows, pillars, fixtures,
etc. in differentorientationsandpositions.Typically suchmodelsconsistof a largenumberof small
polygonalmeshes,eachconsistingof up to a few hundredtriangles.In Figure1, thesemodelswould
betypically positionedin theupperright triangularregion.

2.3 Featuresin Models

Characterizationof 3D modelsis alsopossiblein thecontext of variousfeatures.In ageneralsettingit
is hardto giveany usefuldefinitionof features.Someearlierattemptsare:

E “A featureis a regionof intereston thesurfaceof a part.” — Pratt,1985[15].

E “Featuresaredefinedasgeometricandtopologicalpatternsof interestin apartmodelandwhich
representhigh level entitiesusefulin partanalysis.” – Henderson,1990[9].

Themaindifficulty hereis that,in trying to begeneralenoughto coverall possibilities,thesedefinitions
fail to pin thingsdown sufficiently to giveaclearpicture.To make thesedefinitionsmoreconcrete,we
givea classificationof features:

E functionalfeature:for example,apivot,
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E designfeature:a rotatingpin supportedby two raisedlugs,

E manufacturingfeature:a turnedcylinder, a milled slot with anin-line reamedholethroughboth
walls,etc.

E applicationspecificfeature: thesecould be any combinationof topological,geometric,metric,
colourandtextureattributesor non-visualfeatures.

It is importantto notethatfor agiven3Dmodel,differentsetsof featuresmaybeextracted.Thefeatures
identified for a model in the designfeature-spacecould be muchdifferent from thoserecognisedin
the manufacturingfeaturespace. For differentapplications,the model underconsiderationmay be
describedin differentfeaturespaces.

In a givendomainof application,suchasmechanicalCAD modeling,it is possibleto describea given
model in termsof specificsetof parameterisedfeatures. A descriptionof this kind is alwaysmore
compactthana purely geometricdescriptionof a given model. But we mustnotethat suchfeatures
have a lot of implied knowledgethat needsto be incoportatedinto the softwareandalgorithmsthat
processtherepresentation.

In order to make useof featuresin processinggeometricmodels,somecorecommonaspectsexist.
Theseapplyirrespectiveof thedomainof problemsandtheparticularproblemsathand.Therelevance
of individualaspectsmayvary. Theseare:

1. Identificationof features: A particularfeatureof interestin a given3D modelmustbespecified
in a way suchthat it canbe algorithmicallyidentifiedin the 3D data. This definition canbe a
mix of topologicalproperties,geometricmetrics,colourandtextureattributesandsoon. Some
higher-level featuresmaybedefinedin termsof simplerlow-level features.Suchhierarchiesof
featuresarecommonin literature.

2. Recognition of features: Recognitionof a featurein thegiven3D modelis anessentialcompu-
tationalpart feature-basedprocessingof geometricmodels.For detectingan individual model,
typically specialisedfilters needto beimplemented.

3. Suppressingfeatures:By suppressinga featurewemeanremoving a local instanceof thefeature
while minimally disturbingthedataaroundthefeature.

4. Reconstructionof features: This is an inverseof “suppressingfeatures.” By reconstructionwe
meanrestorationof a previously suppressedfeaturein thedata,preferably, without any lossof
informationof theoriginaldata.

5. Encodingof features: A machinerepresentationof features,preferablya compactone,mustbe
developed.

6. Featurespaceconversion: Givenamodeldescribedin onefeaturespace,oftenthereis a require-
mentto convert thedescriptionto anotherfeaturespace.

Thetechniquesfor simplificationof geometricmodelsidentifyspecificfeatures,recognizeandsuppress
themto obtaina lesscomplex approaximationof themodel.Dif ferentapplicationsrequiredifferentsets
of featuresfor theirprocessingneeds.Losslessgeometrycompressionschemestooencodespecificlo-
cal featurescompactly. Thesefeaturesaretopological(connectivity-based)aswell asgeometrybased.
Thelossytechniquessuppressfeaturesandalsoreducethedataby reducingthenumberof bitsusedto
representcoordinatevaluesfor theverticesin themodel.
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3 Optimal StorageAllocation

In thesettingof lossycompression,let � bea 3D modelwhoseuserequiresit to bein a trianglemesh
representationF . ThemeshF maybecompressedby simplifying themeshto reducethenumberof
vertices 	 , by quantizingthe vertex coordinatesto G bits andby usingsomelosslesscompression
techniques.Kind andRossignac[12] have carriedout extensive studiesin developinga setof met-
rics for estimatingthe shapecomplexity H of a given meshmodel. Their researchcontributionsare
summerisedin this section.

If theendapplicationhasafixedrequirementsof sizeandcomplexity of themodelto behandled,then
it is importantto addressthefollowing questions:

1. Given a boundon the compressedfile size I , which valuesof 	 and G minimize the error
betweentheoriginalmodelandthecompressedmodel?

2. Givenaboundon thegeometricerror 
 , which valuesof G and 	 minimizethetotal numberof
bits for storage?

3. How doestherelationshipbetweenG , 	 , I and 
 affect dependon theshapecomplexity H of
themodel?

Notethatfor a givensetof valuesG and 	 , therecanbelargenumberof differentapproximationsFKJ
of theoriginal meshmodel F . Thespecificapproximationwould bedeterminedby thealgorithmthat
givesthesimplifiedversion.

King andRossignacformulatethe notionof shapecomplexity H basedon error 
 introducedin the
modelasa resultof lossyoperatorsthataffect G and 	 . Basedon their framework, simplificationof
theoriginal modelcanbecarriedout while theerror remainsbounded.Thenumberof bits neededto
storethesimplifiedmodelis thena measureof theinherentcomplexity of themodel.

To measuretheerrorbetweentheoriginal modelandthecurrentapproximationin theprocessof sim-
plification is formulatedusingvariouscriteriain [12, 8]. Thesearebasedon geometricdeviation from
theoriginal model.They demonstratetheeffect of curvatureandothershapecharacteristicslikesharp
edges,cornerson thenumberof triangles.

The limitationsof thesemeasuresare: (a) they areprimarily basedon local measurementsandfail to
considerthe global distribution of error, (b) thesemeasuresattemptto computethe obtamalstorage
requirementsin isolationfrom the specificalgorithmsthat carry out lossycompression,(c) the sim-
plifying assumptionthat the given modelcanbe consideredasa piecewise compositionof spherical
surfaceslimits thedomainof modelsthey canhandlein estimationof complexity measure.

4 FeatureBasedEstimation of Complexity

Considerascenariowhereagivengeometricmodelcanbecompletelydescribedin termof application
specificfeaturesof themodel.Thesefeaturescouldbedesignfeatures,machiningfeatures,featuresfor
machinevision,andsoon. Let usconstructanalphabetI of parameterisedfeaturesthatarenecessary
for thedescriptionof themodel � . Thesymbolsin themodelcanthenbeentropy coded[13] to achieve
compression.
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TheL model � describedasa sequenceof featuresMN�NI canbecompressedasfollows. Let themodel
bedescribedas

�O
P�6MRQ�!"M �"!SM%$�!�././.0!"M�T &
whereall the featuresarederived from the set I . The randomoccurrenceof feature MR� may happen
with probability �C�8MR�U& , andsuchaneventis saidto containinformationunits

V �6M��*&W
YX*Z�[
\

�=�6M��U& 
O@]X*Z�[^�=�6M��*&".
Thequantity

V �8MR�U& wouldbecalledtheself informationof theparameterisedfeatureM�� in themodel � .
The sumof suchself informationunits of occurrencesof the featuresin the sequencedescribingthe
modelwouldbetheshapecomplexity measurefor themodel

HB���=!SI�&_
a` �
V �8MR�*&

where I is thesetof featuresidentifiedin thegivenmodelfor theapplicationat hand.Theencoding
may be carriedout usingsomegenericcompressionschemesuchasHuffman codingor Arithmetic
coding.

Thesetof featuresbeingmodeledandrecognisedin suchacomplexity estimationframeworkcouldalso
be very genericandnon-applicationspecific. The featurepatternscouldbe discoveredfrom scratch.
Discoveryof featurepatternsin geometricmodelsis a partof our currentwork in progress.This work
is describedin theaccompanying technicalreportfor this semester.

5 Conclusionsand Futur eDir ections

In this reportwe have summarisedthe contemporaryresearchin the areaof complexity estimation
for geometricmodels.Complexity measuresareneededto estimatetime neededfor carryingout any
analysis,rendering,transmissionandstorageof themodels.Suchmeasuresarealsorequiredfor the
evaluationof modelsimplificationandcompressionalgorithms.

Thecurrentwork in this directionis in very priminarystagesandfor now, makesa lot of simiplifying
assumptions.Thefuturedirectionsfor thiswork are:(a)feature-basedmeasuresfor estimationof shape
complexity, (b) discovery of genericself-informationof thegivenmodelfrom theself-informationof
the individual features,(c) developmentof more sophisticatederror measuresbetweenthe original
modelandsimplifiedmodels.
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