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Abstract

Trianglemeshmodelshave becomeestablishedsthe most
generaland flexible schemeto representcomplec surface
modelsin theareaof architecturatiesignmechanicatAb,
heritagesculpturesetc. for variousapplicationssuchasin-
teractve visualization,FEM analysis,progressie transmis-
sionfor collaboratve exchangeof modelsin networked en-
vironments.With the arrival of powerful rangeimagescan-
ners, acquisitionof very detailedand accuratedatarepre-
sentingthesemodelshasbecomecommon. Thesedataare
alsorepresentedstrianglemeshesin therecentyearsalot
researcthastakenplacein the useof surfacemeshes.

In this reportwe presentour study of the state-of-the-art
in developmenif signalprocessindechniquesver the do-
main of unstructuredriangle meshes.Thesetechniquesn-
cludefairing of surfaces,filtering of modelsfor denoising,
smoothing,detail suppressionfeatureenhancementspec-
tral decompositionWe alsostudythe applicationghathave
driventhesedevelopmentscompressioof 3D models,wa-
termarkingof models, multi-resolutionediting, interactve
geometricnodelingandprogressie transmission.

1 BACKGROUND

Signal processingoolkits on spatialdataentitieslike dis-
crete 1D signals, 2D signals (images),3D signals (volu-
metric data) are well understoodand utilized extensiely.
Various mathematicaltechniqueslike Fourier transform,
Wavelets,and otherseparabldransformg2] have beende-
velopedto treat datalike vectors,images,volumetric data
assignals. Many signal processingransformationsare ap-
plied on thesedatalik e denoising,low-pass,high-passand
band-passéiltering, convolution with varioustransformation
kernels,andsoon. Signalprocessingransformshave also
beenrecentlyusedfor applicationdike compressiorof im-
ageg[2], watermarkingof digital contentlike imagesaudio
signal,digital videoandprogressietransmissiorschemdor
thesemediaelements.

Thecommonfeatureamongall thesedatais thatthey have
aregularstructure One-dimensionaligital signalsaresam-
pledatregularintervalsandarerepresenteth aregularfash-
ion in the sensethat i-th dataelementhasa neighbourat
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(i — 1)-th positionanda neighboumat (¢ + 1)-th position(ex-
ceptthe boundaryelements).This regular structurelets us
easilythink of the datain termsof a weightedsumof some
basisfunctions.For example,a one-dimensionadligital sig-
nal can be decomposednto harmonicsof sinusoidalbasis
functions. It could alsobe decompose@ndrepresente@s
a “coefficient — basisfunction” summationusing the Haar
basis.In generalthedecompositionmayberepresenteds

f() =) aiBi

where, f(z) is the original function, a; arethe coeficients
for thecorrespondindpasisfunctionsB,;.

Most of the mathematicaloolsof thesekind easilyextend
from their one-dimensionatatemento higherdimensional
formulations. For example,discreteFourier transformation
extendsto higher dimensionaldatamodels; Haar wavelet
transformsareeasilyextendedor useon higherdimensional
datalike 2D imagearrays,3D volumetricdata. Again, the
structureamongthe elementsof thesedatais uniform in
termsof their neighbourhoodThis structureallows aneasy
parameterizatiomf the dataalongthe directionsof the in-
herentindexesthe dataelementdave.

Figurel: Trianglemesh- notethe differentdegreeof con-
nectvity for eachvertex

Trianglemeshesepresentingurfacesof arbitrarytopolo-
gies have now becomevery popularin mary applications
in 3D graphicsandotherrelatedfields. Thesemeshedack
a regular structurethat is seenin someof the mediaele-
mentsdiscussedabore. A triangle meshis denotedas a
pair (P, K), P is asetof N points positionsP = {p; €
R3|1 < i < N}, in Euclidianspacep; = (z;,y;, 2;), and
K is an abstract simplicial complex which containsall the
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topological(akaconnectvity) information. The complex K
is a setof subsetof {1,..., N}. Thesesubsetsare called
simplicesand comein threetypes: verticesv = {i} € V,
edges = {i,j} € E andfacesf = {i,j,k} € F, sothat
K =V UEUF. Two verticesareneighbousif {i,j} € E.
The numberof neighbouringverticesfor the i-th vertex is
denotedasits degree Theneighbourhooaf ai-th vertex is
denotedasi*. The meshin Figurel shovs a samplemesh
having 14 vertices,28 edgesand16 triangles.Note thatthis
meshhasverticeswith varyingdegrees.

Given this definition of neighbourhoodetweenary two
dataelements,we know that generaltriangle mesheswill
have varying structureacrossdifferentvertices. The earlier
developmentsn the signalprocessingechniquesannotbe
easilyextendedto thesedatasets. Lastfew years’'research
in the handlingof triangle meshmodelshasseendevelop-
ment of a new classof techniquedor carrying out signal
processingransformswhich areintuitively identicalto those
appliedon the “structured”models,but the detailedformu-
lationsvary substantially

In this report, we presentour study of the various ap-
proachegesearcherbave taken to treatunstructuredrian-
gle meshesssignalsfor carryingout globalandlocal oper
ationson thesemodels. Sincethefield is still youngit may
not be easyto createa cleartaxonomyof techniquessowe
just presenthe contributionsof variousresearcheranddis-
cusstherelationshipamongtheseeffortsin theend.

2 FAIRING OF SURFACE DESIGN

Surfacesobtainedfrom volumetric medical data by iso-
surface generationalgorithms[12] or constructedby inte-
gration of multiple rangeimages[19] usually have a large
numberof triangles.During theacquisionandintegrationof
thesesurfaces somepartsbecomenoisy eitherdueto errors
in registrationor dueto noisein theacquisitionprocessFair-
ing thesesurfacesautomaticallyandefficiently hasattracted
someattentionrecently

Fairingasurfacemodelrefersto removal of geometridis-
continuitiesin the given triangle meshmodel. The signal
processingapproachviews this problemin termsof signal
smoothing.The spaceof signals— functionsdefinedon cer
tain domain—is decomposedhto orthogonalsubspacesas-
sociatedwith differentfrequencieswith the low frequeng
component®f the signalregardedasthe subjacentataand
the high frequeny contentasnoiseto beremoved.

Taubin [16] haspresentedan efficient signal processing
schemdor fairing surfacedesigns His approachs basecdn
theclassicakesult:

Fourier transformcan be seenas the decomposi-
tion of the signalinto a linear combinationof the
eigervectos of the Laplacianoperator.

Karni and Gotsman[7] give a detailedformulation of this
decomposition.Think of triangle meshasa graphconsist-

ing of N vertices. The adjaceng matrix A of this graphis
populateddy placingA4;; = 1if {i,j} € E andO otherwise.
The Laplacianoperatorassociateavith Ais L = I — DA,
whereD is a diagonalmatrix suchthat D;; = 1/d;, where
d; isthedegreeof i-th vertex. Theeigervectorsof L form an
orthogonabasisof R™. Theassociateeigervaluesmay be
consideredrequencie$ andthe threeprojectionsof eachof
the coordinatevectorsof a 3D meshgeometrywectoron the
basisfunctionsarethe spectrumof the geometry Note that
thereis a separatespectrumfor eachof z, y andz compo-
nentsof thegeometryandthey behave differently, depending
onthegeometrigpropertieqe.g. curvature)of the mesh.

The essentialobsenation is that geometriesthat are
smoothrelative to the meshtopology shouldyield spectra
dominatedby the low frequeng components.By “smooth
relative to the meshtopology” we meanthat the local ge-
ometry asdefinedby thetopologicalneighbourhoodsf the
mesh s suchthatthecoordinate®f thevertex areveryclose
totheaveragecoordinatesf thevertex'sneighboursHence,
the Laplacianoperatoywhenappliedto the meshgeometry
will yield very smallvalues.

It isinterestingo notethatthebasisusedor thedecompo-
sition of the trianglemeshsignalis independenbf the geo-
metricrealizationof the surfacein termsof coordinatevalue
of the vertices. The basisis entirely derived by using the
connectvity informationof themesh.Usingthisformulation
asthe basictool for filtering of surfacegeometryhassome
limitations. The biggestlimitation is the time complexity
of computationof the eigervectors,which runsinto O(n?)
stepswhichmeanghatcomputingthe basisfor meshegon-
tainingeven1000verticess unthinkable Hencethisscheme
of signalprocessings usableonly for smallmeshesAppli-
cation of sucha methodfor large mesheanustbe doneby
first partitioning the meshinto smallerpiecesandthenre-
constructingthe model after the applicationof the filtering
procesgo the smallpieces.

In order to avoid this computationallimitation, Taubin
[16] proposedan efficient schemethat usesrepeatedappli-
cationof aspatialdomainoperatoronthemeshto obtainfair
surface. He usesthefirst order neighbourhoodtructurefor
theformulationof the operator

A discretesurfacesignalis afunctionz = =z, ..., 2, de-
fined on the verticesof a polyhedralsurface. The Laplacian
of thesignalis aweightedaverageovertheneighbourhoods:

A:L'Z' = Z ’wij(il?i - :cj)

je*

wherethe weightsw;; are positive numbersthatadd up to
one.Theweightscanbe choserin mary differentwaystak-
ing into consideratiorthe neighbouringstructures Onepar
ticularly simplechoiceis to setw;; equalto theinverseof the

1The caveat hereis that treatingthe eigewaluesas the frequenciess
only anotionalconcept.Sincetheunderlyingmeshis unstructuredtheidea
of somefrequeny beingassociatedvith somediscretefeatureis very hard
to establish.However for the applicationat hand,this questionis not very
bothersomealthoughit is interestingto investigate.
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numberof neighbourd /|i*| of vertex v;, for eachelementj
of i*. A moregeneralway of choosingweightsfor a surface
with the first orderneighbourhoodstructureis usinga pos-
itive function ¢(v;, v;) = ¢(v;,v;) definedon the edgesof
thesurface

$(vi, vj)

Zhei* ¢(Ui7 v,])

For example,the function canbe the surfaceare of the two
facesthat sharethe edge,or somepower of the length of
the edgeg(vi, v;) = ||lvi — v;]|*. The exponenta = —1
worksin orderto positioneachvertex in the centroidof its
neighbourhood.

If W = (wjs;) is the matrix of weights, with w;; = 0
whenj is notaneighbourof 4, matrix L cannow be defined
asL = I — W. Sincethe decompositiorinto eigenvec-
tors is infeasible,an approximateprojectionis appliedfor
achieving low-pasdiltering. Thisis formulatedasthe multi-
plicationof function f (L) of matrix L by theoriginal signal

Wij

g = f(L)z,
andthis processcanbeiteratedmultiple times
zF = f(L)*z

The function of onevariable f (1) is the transferfunction
of thefilter. In the caseof Gaussiarsmoothingthe transfer
functionis f(I) = 1 — Al. To definealow-pasdilter, we ned
to find apolynomialsuchthat f (I;)* ~ 1 for low frequencies
andf(1;)* ~ 0 for high frequenciesn theregion of interest,
sayl € [0,2]. Taubinchose

fO) =1 =N)(1 - ul)

where, A > 0, andy is a new negative scalefactorsuchthat
© < —A. Thatis, after performingthe Gaussiarsmooth-
ing stepwith the positive scalefactor A for all vertices— the
shrinkingstep—, performanothersimilar step

o'y =z + pla;

for all thevertices but with negative scalefactory —the un-
shrinking step. The value of the band-pasérequeny Igp,
suchthat f(Igp) = 1. Thevalueof Igp is

A

This algorithmis linearin bothtime andspace simpleto
implementand producessmoothingwithout shrinkage.The
A value must be chosenso asto minimize k, the number
of iterationsof the filter. Taubin[16] claimsthat the algo-
rithm producesacceptabldaring within 50 iterations. Most
of theliteratureon fair surfacedesigncombinessubdvision
schemeswith smoothingformulations[10, 4]. Subdvision
of the meshis doneto createmore points to capturethe
smoothlocal geometryfeatures.Fairing procedureandsub-
division stepsalternateuntil a surfacesatisfyingthe desired
propertieds obtained.

1 1
lpp=<+—->0.
7

Guslov et al [4] presenta toolbox of signal processing
utilities on triangle meshmodels. In additionto Taubins
work, they illustrateenhancementf featuresgeneratiorof
texture coordinatedor the filtered and refinedmodels(us-
ing subdvision). They call the Laplacianfilter a relaxation
opeftor, R

Rp; = > wi;p;.
jEi*
The weightsw;; are functions of not only the degree of
connectvity in the locality but alsothe geometricpositions
of the vertices. This relaxationoperatoris usedto achiese
smoothing.

Enhancemenf featureds achievedto emphasizeertain

frequeng ranges.Theenhancemendf pointsis achiezedby

Ep; = p;i + &(pi — RFp;)

where¢ > 1. Thistechniqgueenhanceshefeatureshatare
suppressetly low pasdiltering of themodel.

3 COMPRESSION

Many compressiorschemedor traditional media, suchas
imagesemploy spectramethodgo achieveimpressivelossy
compressiorratios, for example,the popularirPEG method
[13] whichreliesonthediscretecosinetransform.Thesen-

volve expressinghe dataasa linearcombinationof a setof

orthogonabasisfunctions,eachfunction characterizedy a
“frequeng.” The underlyingassumptionis thata relatively
goodapproaximatioimay be obtainedby usingonly a small
numberof low-frequeng basisfunctions. The coeficients
of theseselectedasisfunctionsmaythenbe compactlyen-
codedby usinga variety predictive encoderslossyquantiz-
ersandsymbolencoderdik e Huffmancompressiorr arith-
meticencodeischeme.

Karni and Gotsman[7] usethis basicideafor the com-
pressionof trianglemeshgeometry They usethe formula-
tion describedn the previous sectionfor decompositiorof
meshgeometrysignalinto its spectralcomponentsOnly a
few low-frequeny coeficientsare selectedfor achieving a
highcompressiomatio. Theconnectvity of themeshis then
compressedising bestof the earlier compressiorschemes
[18,3,1,17,15.

For large meshesgomputatiorof eigervectorsis very ex-
pensve. Hencethey partition the meshinto smaller sub-
meshesgachof which is thentreatedseparately This, of
course,resultsin degradationof coding quality andcanbe
seenafterreconstructionn theform of “edge-efects” along
the sub-meshboundariesput hasthe advantagethat local
propertiesof the mesharecapturedbetter In orderto mini-
mizethedamagethe partitionsshouldbewell balancedthat
is, eachsub-meshshould contain approximatelythe same
numberof vertices andalso,the numberof edgesstraddling
the different sub-meshesthe edge-cutbe minimized. Op-
timal solutionto this problemis NP-complete. Karni and
GotsmaruseanalgorithmcalledMeTiS [8].
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The encodingof the coeficients of the spectraare uni-
formly quantizedto finite pricision. This, of course,intro-
ducesfurtherlossin the encodingof the model. Theresult-
ing setof integersis thenentrogy codedusingHuffmancoder
[13]. Quantizatiorerrorscanbe minimizedby usingsophis-
ticatedquantizatiorschemedik e median-cuguantization.

Khodalovsky et. al. [9] introducea wavelet basedtech-
nique for progressie compressiorof geometry This algo-
rithm requiresthe sourcemeshto have a regular structure.
They have definedwavelet basisover manifold surfacesfor
multi-resolutionanalysis. The multi-resolutionanalysisof
the the surface naturally provides levels of detail progres-
sively. The datastoredto representhe model begins with
a coarsemodel and subsequentlatastoresthe detail coef-
ficientsto refinethe model. Compressions achiezed since
thedetail coeficientsareincrementallystoredandaremuch
smallerin magnitude Thesesmallvaluescanbeencodedef-
ficiently usingvery smallnumberof bits. Also, mary higher
order detail coeficients can be ignoreddue to their negli-
gible values. The limitation of this approachs thatit only
worksfor manifold surfacesandhasa strongrequiremenbf
aregularconnectvity in themesh.

Both theseapproachesvork effectively on meshesthat
modelsmoothsurfacegeometrysincea large amountof ge-
ometricinformationis capturedby the low frequengy com-
ponentof the spectralnalysisandin multi-resolutionanal-
ysis. Thesemethodsdo not work sufficiently well on engi-
neeringmodelscontainingsharpedgesandfolds. The sharp
edgescorrespondo the high frequeciesn the decomposed
signal,forcing the codingof large numberof coeficients.

Sinceboththeseschemesrelossy theissueof controlling
lossinessand also that defining lossinesds very important
for usein precisionapplications.

4 FOURIER TRANSFORM BASED
TECHNIQUES FOR SUPPRES-
SION OF DETAILS

In triangle meshmodels,the geometricfeaturesthat repre-
sentdetailslik e smallnotchesprotuberanceslots,soclets,
faired cornersrequirea lot of triangularelementdor accu-
raterepresentationinteractive visualizationandFem analy-
sisapplicationglonotrequirethesedetailedfeaturesn mod-
elsbecausefa) the visual or numericalresultsobtainedby
having thosefeaturesn the modelarenot significantdiffer-
ent from thoseobtainedby simplifying the models,(b) the
computationaload increasesignificantlyin having to pro-
cessthe additionallarge numberof triangle presentin the
modelto representhefeatures.Hencea lot of researcthas
takenplaceto simplify themodelto reducethetrianglecount
[5]. Thecriteriafor selectionof verticesandtrianglesto be
removed determineghe usability of a particularsimplifica-
tion algorithmfor the givenapplication.

LeeandLee[11] have presente@ Fouriertransformbased

schemdor suppressionf geometriaetailsin polygonmesh
modelsthatrepresensolids. Their schemds basedon low-
passfiltering in the frequeny domain. The detail suppres-
sionprocedureconsistof thefollowing steps:

1. Constructa bounding volume for the triangle mesh
model.

2. Discretizethisboundingvolumeinto X xY x Z number
of elementsn z, y andz directions. Thesevolumetric
elementgvoxels) are thenlabelledwith colour values
asfollows:

(a) if thevoxelliesinsidethesolid object,labelit with
alargepositive value,k,

(b) if the voxel lies on the boundaryof the solid
model, label it with a positive value! suchthat
I <k,and

(c) if the voxel lies outsidethe solid, label it with a
negative value.

This givesa volumetricdatarepresentinghe solid ob-
ject,h(z,y, z).

3. Obtaina Fouriertransformof the volumetricdata:

H(u,v,w):///h(m,y,z)e_j2"(um+vy+wz)dmdydz

4. Apply a low-passfilter G(u,v,w) to this the trans-
formedvolumetricdatato obtain:

H'(u,v,w) = G(u,v,w) o H(u,v,w)

This will eliminatethe high-frequeng componentsn
the signalcorrespondindo the small and detailedfea-
turesin themodel.

5. Apply inverseFouriertransformto obtainlow-passfil-
teredmodelin its volumetricrepresentation.

h’(u,u,w)=///H’(u,u,w)e—ﬂ"(”‘*'”y"'“’z)dududw

6. Reconstructhe vertices,edgesandfacesof the polyg-
onalmodelto obtainthe simplifiedpolygonmesh.This
stepof the algorithmis the hardesto implement. The
geometryis recoveredasfollows:

(a) After the transformand low-passfiltering there
may be somegapsin the boundaryin the volu-
metric data. Fill the gapsin the boundarycolour
to ensurethatthe datarepresenta solid model.

(b) Projectthe verticesof the original model onto
the filtered volumetric model to obtain the new
positions of the vertices. There may be cases
when the verticescan not be projectedbecause
theboundaryrepresentingomesmallfeaturehas
completelyvanished. In suchcasesthereis no
needto projectthesevertices— the small feature
hasbeencompletelyremoved.
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(c) Constructedges,facesusing the connectvity in
theoriginal model.

(d) Decimatehethoseverticesthatcorrespondo lin-
earedgesandplanarcollectionof faces.

Lee andLee have demonstratethis techniqueof simpli-
fication on solidsthatare formedby graphfunctionsof the
typez = f(z,y). This methodis necessarilyinteractive in
its use.Theselectiorof thecut-off frequeng of thelow-pass
filter playsacrucialrole in thekind of detailthatis retained
in theresultingmodel.

5 WATERMARKING

Watermarkingprovidesa robust methodfor copyright pro-
tectionof digital mediaby embeddingn the datainforma-
tion identifying the owner The bulk of researcion digital
watermarkinghasfocusedon mediasuchasimages,video
andtext. Rolustwatermarksnustbeableto surviveavariety
of “attacks”, including resizing,croppingandfiltering. For
resilienceto suchattacksyecentwatermarkingschemegm-
ploy a spread-spectrunapproach- they transformthedocu-
mentto thefrequeny domainandperturbthe coeficientsof
the perceptuallymostsignificantbasisfunctions.

Emil Praunet al [14] extend this spreadspectrumap-
proach to work for watermarking of arbitrary triangle
meshes.They transformthe triangle meshgeometryby de-
composingt into the basisthey definedusingthe Progres-
sive Meshesscheme[6]. A randomly chosenwatermark
w = (w1, ..., Wy, IS insertedoy scalingthem largestcoefi-
cientsby smallperturbationg1 + aw + ¢). Givenasuspect
documentanextractedwatermarkw* is computedasthedif-
ferenceonthesamesetof frequeng coeficientsbetweerthe
suspectataandthe original watermarled data. The water
markis declaredo bepresenbasednthestatisticakorrela-
tion of w* andw. Therobustnes®f thisschemealerivesfrom
hiding thewatermarkin mary differentfrequenciewith the
mostenegy.

They usethe multi-resolutionschemeof [6] to decom-
pose the the mesh geometryinto basis functions ® =
(g1, ..., ™). Theseareselectedy identifying them refine-
mentoperationghatthatcauseahegreatesgeometricchange
to the model. For eachof thesem refinementsye definea
scalarbasisfunction over its correspondingieighbourhood
in the original mesh.To embedthe watermarkin the model,
thevertex correspondingo the centreof eachof the selected
neighbourhoodss thenperturbedoy a productof vectordi-
rectionof thevertex computedvithin theneighbourhooénd
thewatermarkelementakenfrom the vectorw.

To extract the embeddedvatermarkfrom possibly “at-
tacked” model,the suspectmeshmustberegisteredoy find-
ing the similarity transform(consistingof uniform scaling,
rotationandtranslation}o coincidewith the original model.
The registeredgeometryis thenresampledn orderto pro-
ducea meshwith the sameconnectvity asthe original. By

takingthe differencebetweerthe 3D coordinate®f thever-
ticesof thisresampledneshandthoseof theoriginal, avec-
tor of 3D residualsis accumulated.The watermarkis then
extractedby recovering the positionsof thoseverticesthat
wereperturbedn the multi-resolutionrepresentationf the
mesh.

While the processof embeddingof the watermarkis
automatic,detectionof watermarkcannotalways be non-
interactve. The interactionis neededto specify an initial
registrationbetweerthe original meshandthe suspectesh.
Theregistrationis thenrefinediteratively beforefurthersteps
areperformed.

6 DISCUSSION AND SUMMARY

We have presenteaur studyof how the basicsignalprocess-
ing toolscanbeextendedo unstructuredrianglemeshesSo
far, variousformulationshave beendevelopedfor decom-
position of the meshgeometryinto componentsignalsfor
further operationdik e fairing, featureenhancementeature
detectionsuppressiomasedon global analysisof the mod-
els. In additionto transformingthe triangle meshmodels
into frequeny domain,therehave beeneffortsto createspa-
tial domainfilters to applylocal operatordor achieving the
sameeffects. Thesaoolshave beenthenusedn applications
suchascompressiomf geometryandwatermarking.

Thefurtherresearclin this areais neededn thefollowing
directions:

1. The currentformulationstendbe in the form of trans-
formationsand filters that get applied globally on all
elementsf the trianglemesh. The userof thesetools
doesnot have the control on their applicationin a de-
siredlocality. To achievelocalisedapplicationof signal
processingperatorspne needsa mechanisnof spec-
ifying the locality of interestin termsof geometricor
topologicalfeaturesandalsoaprovisionin theformula-
tion to applytheoperationonly in the specifiedregion.

2. Most of the work hasconcentrate@n trianglemeshes.
However, in practice, mary meshesare available as
guadrilaterameshesmeshegonsistingof a mix of dif-
ferenttypesof polygons. Also mary practicalmodels
have non-manifoldtopology Handling thesespecial
modelswill requireextensionof theformulation.

3. Efficiency and scalability is anotherissuein handling
very large modelsthat are beingacquirednow a days.
Spectralanalysisof large modelscan be a very time
consumingask. For suchmodel, differenttypesof al-
gorithms may be needed. One direction could be to
do a multi-resolutionanalysisof the modeland apply
the spectralanalysisto a low-resolutionmodelanduse
theresultto refinethe analysisfor the increasingcom-
plete model. Multi-grid techniquesusedin FEM and
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CFD communitiescould be adaptedherefor handling
theverylargemodels.
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