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Mathematics Extension 2

General Instructions

¢ Reading time — 5 minutes

¢ \Working time — 3 hours

¢ Write using black or blue pen

e Board-approved calculators may be used

e A table of standard integrals is provided
at the back of this paper

e All necessary working should be shown
in every question

e Marks may be deducted for careless or
badly arranged work

Total marks — 120

e Attempt Questions 1 -8

e All questions are of equal value

e Start a separate piece of paper
for each question.

e Put your student number and the
question number at the top of
each sheet.



Total marks — 120
Attempt Questions 1 -8
All questions are of equal value

Answer each question on a SEPARATE piece of paper clearly marked Question 1,
Question 2, etc. Each piece of paper must show your name.

Question 1 (15 marks) Use a separate piece of paper

X

dx
VX2 +1

Nal
a) Evaluate _[
0

1
b) Use integration by parts to evaluate J'xtan‘1 xdx
0

. 10+x—x> . A  Bx+C
¢) (i) Express————— — in the form ——
) () Exp (x+1)(x2+3) X+l X213
. . 10+ x — x?
ii) Hence find | ——————dx
(1) J(x+1)(x2+3)

d) Findj

dx
NT—6x—X%°

1-tan x
1+tan X

2
e) Evaluate I
0

Question 2 (15 marks) Use a separate piece of paper

a) Let z=1+2i andw=3+i. Find iintheformx+iy.
Zw

b) Find the real numbers a and b such that (a+bi)” =9+ 40i

c) (i) Determine the modulus and argument of —1+i
(ii) Hence find the least positive integer value of n for which (-1+ i)n is real.

d) If z=x+iy, describe the locus of z if 2|z|=z+7Z +4

e) On an Argand diagram, sketch the region specified by both the conditions
|z+3-4i|]<5 and Re(z)<1

You must show the intercepts with the axes, but you do not need to find other
points of intersection.
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Question 2 (continued) Marks

f) 2
Ya

X

The points A, B and C in the Argand diagram are the vertices of an equilateral
triangle described anticlockwise. Show that the complex numbers a, b and ¢
representing A, B and C satisfy;

2c=(a+b)+iv3(b-a)
Question 3 (15 marks) Use a separate piece of paper

a) The diagram shows the graph of y = f(x).
Y4

N

(_2’_ 1)

Draw separate one-third page sketches of the graphs of the following;

0 y=f () 1
(i) y=f(1-x) 1
1

(iii) y :m 2

(i) y = (x) 2

(v) y=Inf(x) 2



Question 3(continued) Marks
b)

A

The solid shape above has a circular base of radius 3 units in the horizontal plane.
Vertical cross-sections perpendicular to the diameter along the x axis are equilateral
triangles as shown in the diagram.

(i) A vertical slice of width Ax is positioned as the point x = a. 2
If its volume is denoted by AV , show that AV = +/3(9 - x? JAx

(ii) Hence determine the volume of the solid. 2

c) If @ isthe root of »®—1=0 with the smallest positive argument, find 3
the quadratic equation with roots @ + »* and o’ + @°

Question 4 (15 marks) Use a separate piece of paper

a) Find all roots of the equation 2x> —5x* —4x+12 =0 given that two of the roots 3
are equal.
X2 y2
b) Consider the ellipse —2+b—2 =1,wherea>b>0.
a
(i) Show that the tangent to the ellipse at the point P(acosH,bsin 0) has 2
the equation bxcos@ + aysingd —ab =0.
(i) Prove b®cos’@+a’sin*@=a’ (1— e’ cos’ 6') , Where e is the eccentricity. 2
(iii) Rand R’ are the feet of the perpendiculars from the foci Sand S’ onto 3

the tangent at P. Show that SR-SR’ = b®.

c) (i) Provethat tan*n—tan*(n—1)=tan™ , Where n is a positive integer. 2

n‘—n+1

(i) Hence evaluate tan‘11+tan‘11+tan‘1£+...+tan‘1% 2
3 7 n“-n+1

. > 1
iii) Hence find ) tan?t———— 1
(i) nzz; n—n+1



Question 5 (15 marks) Use a separate piece of paper

a) The zeros of x*—3x*—2x+4 area, fand y
(i) Find a cubic polynomial whose zeros are o, 5° and y?
(i) Hence, or otherwise, find the value of o + B + »°

(iii) Determine the value of a® + 4° + 5

b) A particle of unit mass is thrown vertically downwards with an initial velocity of
u. It experiences a resistive force of magnitude kv® where v is its velocity.

Let V be the terminal velocity of the particle.
(i) Show thatV = \/% where g is the acceleration due to gravity.

(ii) Show thatv® =V*+(u® -V ?)e ™,

¢) A circular flange is formed by rotating the region bounded by the curve y = — T
X+

the x axis and the lines x = 0 and x = 3 through one complete revolution about the

line x = 10. All measurements are in centimetres.

Ya

10 X

\ 4

(i) Use the method of cylindrical shells to show the volume V cm?® of the flange
10—-x

dx
x?+1

3
is given by V =107
0

(i) Hence find the volume of the flange to the nearestcm?®.

Marks



Question 6 (15 marks) Use a separate piece of paper Marks
a) (i) Show that the tangent to the rectangular hyperbola xy = ¢ at the point 2

T[ct,%) has the equation x +t’y = 2ct .

(i) The tangents to the rectangular hyperbola xy = c? at the points P(cp,EJ 3
Y

2cpq 20]
p+q p+q)

and Q(cq,gj , intersect at R. Show that R has the coordinates [
q

(iii) 1t is known that P and Q are variable points on the hyperbola which move so 2
that pg=1. Find the locus of R and state any restrictions on the values of x for

this locus.

b)

In the diagram, the two circles intersect at A and B. P is a point on one circle.
PA and PB produced meet the other circle at M and N respectively. NA
produced meets the first circle at Q. PQ and NM produced meet at R. The
tangent at M to the second circle meets PR at T.

(Note: on page 10 there is a copy of the above diagram that you can use, please
detach and include with your solutions)

(i) Show that QAMR is a cyclic quadrilateral 3
(i) Show that TM = TR 3

Find the exact value of L.



Question 7 (15 marks) Use a separate piece of paper Marks

2
a) The gradient v of a curve at a point (x, y) satisfies (d_yj - xﬂ+ y=0
dx dx dx
: ) o . dy dy
(i) By differentiating with respect to x, show that either o Oor 2d— =X 2
X X
(if) Hence show that the curve is either a straight line or a parabola. 2

b) A circular cone of semi vertical angle @ is fixed with its vertex upwards as
shown. A particle P, of mass 2m kg, is attached to the vertex V by a light
inextensible string of length 2a metres.

The particle P rotates with uniform velocity @ radians/second in a
horizontal circle on he outside surface of the cone and in contact with it.

(i) Show that the tension (T) in the sting is equal to 2m(g cosé + rew*sin 9) 2
(if) Find the normal force (N) on P sting is equal to 2m(g sind —rw? cos@) 2
(iii) Show that, for the particle to remain in uniform circular motion on the surface 2
of the cone, then @ < g where g is acceleration due to gravity.
2acosé
1
¢) (i) Show that [secxdx=1In (JE +1) 1
0
i N
(i) Letl, =Jsec” 0d@, show that 1 =%1((\/§) i +(n-2) In_z) for n>2 3
0
(iif) Hence find I, 1



Question 8 (15 marks) Use a separate piece of paper

a) A three digit number has a hundreds digit of a, a tens digit of b and a units
digit of c.

If a+ b+ cisdivisible by 3, show that the three digit number is divisible by 3.

b) (i) Use de Moivre’s theorem to show that cos36 = 4cos® @ —3cosd
(i) Hence solve 8x®—6x—-1=0
(iii) Deduce that cos” = cosz—” + cos4—”

¢) The Fibonacci sequence of numbers, F,F, isdefinedbyF =1,F, =1, and
F,=F ,+F,_, fornx>3.

i) Prove that F,,..F,... — Flo = —FonaFon + Fa
2n+3" 2n+l 2n+2 2n+2° 2n

2n+1 "
(i) Prove by induction that F, ,F, ,—F7 =1, for all positive integers.

(iii) Hence deduce that F} +1 is divisible by F,

n+1

(iv) Provethat F?_, +1 is divisible by F,

n+l*

End of paper

Marks



STANDARD INTEGRALS

J'x”dx =ix"”, n=-1x=0, if n<0
n+1
.fldx =Inx, x>0
X
J'eaxdx :Eeax, az0
a
1.
jcosaxdx ="sinax, a=0
a
) 1
J'smaxdx =—gcosax, az0
) 1
J'sec ax dx =—tanax, a=0
a
1
_[secaxtanaxdx :Esecax, az0
J' 21 - dx ~LantX azo0
a‘+x a
j;dx =sin’15, a>0, —a<x<a
a’ —x? a

J'#dx =|n(x+\/x2—a2) x>a>0
2 2

j%dx :In(x+\/x2+a2)

NOTE: Inx=logx, x>0



Question 6 b)

Please detach and include with your solutions.
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