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1. (12 marks) Sketch and describe as accurately as possible the image of
the annulus A = {z|r; < |z| <1r2},0 <71 <1 < 7y, under the mapping
z — log z where the log function is defined using the principal branch
—T<argz < T
SOLUTION:
First consider r; < |2| = 2z = re? = logz = Inr; +i6, -7 < 6 < 7.
Since 1 < 1 = In(ry) < 0. Thus this inner circle maps to the straight
line with x =Inr; and y = 0 with —7 < 6 < 7.

Thus, this maps the annulus to the square with In(r;) < z < In(rg)
and —7m <y <.

2. (12 marks) Show f(z) = 7177 is not holomorphic anywhere.
SOLUTION:

Use Cauchy-Riemann conditions here.

f(z) 1+|z| 1+\/m2+y2 1+\/€E2+y2 + 711+\/x2+y2 U+ 1w
_ d T _ Ty
U, — —— —
Y dy(1+\/a’2+y2) (1+\/(x2+y2)>2\/(x2+y2)
) Yy — zy
v, = = — —
v 6:”(1-1— xz_,_yz) (1+\/(w2+y2))2\/(x2+y2)

CR=u=-v,=2y=0=2=0o0ry=0.

But, these are straight lines. To be analytic at a point you need the
function to satisfy the cauchy riemann equations in a neighbourhood of
that point. There are no points which are analytic in a neighbourhood,
thus this is not holomorphic anywhere.




3. (12 marks) Classify all singularities, including at oo, for the following

functions
5

a) f(z) = #
b) g(z) = <=L

SOLUTION:

a) f(z) = m = singularities at z = 0, F¢

Now, as z(z25+1) = (z2+1),z # 0. We can redefine f(0) = 0, thus z =0 is

a removable singularity:.

lim (z — 1) P éil) =lim Z(Zil) 5 = z =1 is a simple pole.

zZ—1 z—1

lim (2 +1i); 5 e QH) = lim Z(j—:) = 5 = z = —i is a simple pole.
For oo consider the function f(1) = ey Bl = 75~ Now we just

1

=+
have to consdier what happens for z = 0. Notice hrr(l) 22 1.

Z—

1
22(2241)
Thus oo is a second order pole.

b) Notice lim (z — l)zij) =e—1%#0. Thus z =1 is a simple pole.
zZ—

z =0 a little tricker. e* — 1 = z + %zQ + %z3 + ..
Thus, 62;1 =1+ %z + %z2 + ...

Thus, hm ? _i) = —1, thus z = 0 is a removable singularity.

For oo consider the limit Zli)rglo Zing(z),n =0,1,2,3,... for any value of
n this limit goes to co. Thus z = oo is an essential singularity.

4. (12 marks) Expand the function f(z) = e=2 in a laurent series about
z = 2 and determine the region of convergence of this series. What is
the residue at z = 2.

SOLUTION:

n!

Use ratio test to find radius of convergence.



Jim =] =tim ()" iy + (G5) = limy e = 0,2 #2

Thus region of convergence is z # 2. (note..little trick here...look at
the point where function is not defined. The radius of convergence
will always be the distance from where you expand the it to the next
singularity. Since there are none (except the point of expansion), the
radius is infinity)

The residue at z = 2 is 2e.

dt

. (12 marks) Evaluate [J"
SOLUTION:

. it —it 241 L .
Let z = €' = cost = &H— = == dz = ie"dt = izdt

Thus so—dt = L rdy = 2§ ——t—dz
fO 2—|—cost §Z| 1 2_}_erl iz ﬁz|—1 4z+22+1

2

2+cost

Now, 4z + 2% +1 = 0, Solution is : {z:—2+\/§},{z:—2—\/§}

Only z = —2 4 /3 is inside the unit circle , thus we need residue at
this point.

—2 .0 e dz = 2mi] lim (242 —V3) 2] =

z—— 2+\/§
—2i _ 7r 2
2m[z_)1112rr}r\/_ z+2+\/_] \/_7r
. (12 marks) Evaluate [0 6+1dac

SOLUTION:

Integrate this by forming a semi—circular path in the upper half plane.
This will give you §, dz = [% ——dx

oo z641

Ti42nmwe

41 =0=20=—1=¢"t2mi = , — "5

upper half plane z6—|—1

Therefore the poles in the upper half plane are e&%,¢3%, e% (these are
simple poles).

Residue for these at z = a will equal 7 (this only works for simple
poles).
Thus [, wtgde = 2%2(66%1, + 25+ 66212”) =81 -2




7. (14 marks) Evaluate using residues P.V. [% ®%dx
SOLUTION:

We cannot simply replace 'x’ with 'z’ as the new function will blow up

in the upper half plane So consider [ 5% x2 dx

iz
.9gupper half plane 4 22 = f oo 4 fdround z=2 4 22 dz— .ﬂround z2=—2 432 dz
(note: we have negative around z = %2 since path goes clockwise

around them)
etz

fupper half plane 4—,2
R 2i
§dround z=2 4— szZ - (;)(27”) £lln (Z - 2) = 7”( ZZ)

iz

§around z2=—2 4i7dz - (%)(27”) th (Z + 2)4 2 ﬂ—i(e:fi)

dz = 0 as no singularities inside the path.

i

Thus, 0= /%, 5o = mil=0) = mi(=50) =
2 oy da = (=) + mi(S) = $msin 2 (pure real)
Thus, [0, £2%ds = $msin2

8. (14 marks) Evaluate using residues: [;° (llii%Q dx
SOLUTION:
Use a serni—circular path in the upper half plane.

logx logx :
3gupper half plane (1+Z2 dZ — fo 1+g d + f (1+g12)2 d(E + (lntegl‘al that

goes around 0 - but this goes to O anyway ).

log 2 _ log 2
Fupper half plane J;(l S edz = 2mi(residue at z = i) = 27 hm (55)

2\ (244)
G p(ati) log 2 (4D o100 yaiz)

= 2m¢ lim —= - & = 21 hmig — o e—2e) 1.

z—1 (z+i)4 P (z+i)3 —8i 3 —+
1,2
i
For fg u—lgjfm—)daf let = re'™ thus f bidx _ fU ((1)+gre i
— [%© Ongrzrr _ (oo _logr

f (1+r2)2 dr = 0 (14r2)2 dr +1 fO 1+7‘2 dr
— logx _logr
Thus we have __W+ m =Jo- 1+m2)2dx+f0 (1+r2)2 zdr+i [5° 1+r2)2 dr
_logz 4. 1
Which gives us [5° Ty >dr = —inm
_ 12

And [j° i 2)2dr =47



