2OSO%LUTION OF THE MIDTERM - MAE143B, SPRING

1 Prob. 1

The followings are “true” or “false” questions. Check true or false and show why.

(a) The system below is asymptotically stable.

s+1

G(s)

Figure 10: Block Diagram

TRUE FALSE
| 1 ]

1.1  Solution of Prob. 1 (a)

The closed loop transfer function is

s(jjol.s)) - s+1 B s+1
I+ s(s—05)+s+1  s2405s+1

The characteristic equation is
s°+0.5s+1=0.

The solution of the characteristic equation is

R ESVIVE

5= 2

Since Re(s) = —0.5 < 0, the closed loop system is stable. Hence the statement is “True”.



(b) There exists a proper compensation C(s) which causes the system below to have the
closed loop transfer function

1
U(s) C w s2+s Y(s)

G(s)

Figure 11: Block Diagram

Y(s) s+2
H 82425+ 2

TRUE FALSE
| 1 ]

1.2 Solution of Prob. 1 (b)

The closed loop transfer function

; (8) 8(8?_1) C
= H(s) = = = (1-H)C = 1)H.
U(s) =17 o s+ +C ( JO=sls+1)

Let’s denote

1>

H
H="".
Hy

where
Hnés+2, Hdész+2s+2

Then

s+ 2

H
C E 1) =
(5) s(s+1) $24+254+2—5—2

" H,—H,

s(s+1)=s5+2

Hence C(s) = s + 2 is not proper and the statement is “false”.



(c) The steady state response of

v

s+1
>

“u)=sin2t s-1 y
G(s)

Figure 12: Block Diagram
1s
y(o00) = sin(t + 27 + 2tan"'(2))

TRUE FALSE
| 1 ]

1.3  Solution of Prob. 1 (c)

The input and output relationship is

Y(s) s+1
U(is) s—1

G(s)

Since G(s) has positive pole, the system is unstable. Hence the output y(¢) approaches to
infinity as time is infinity. But the statement y(oo) = sin(t + 27 + 2 tan~*(2)) is bounded, this
statement is “false”.



2 Prob. 2

Write the ordinary differential equation that relates y(t) to u(t).

s+l
U(s) 0.252+s Y(s)
G(s)

Figure 13: Block Diagram

2.1 Solution of Prob. 2

Y(s) _ KS(O‘.S;il—l) _ K (s+1)
U(s) 1 +K5(0€2+51+1) s(02s+1)+ K(s+1)

[s(02s+ 1)+ K (s+1)]Y(s) =K (s+1)U(s)
By inverse Laplace transformation,

0.24(t) + (K + 1) §(t) + Ky(t) = Ki(t) + Ku(t)



Figure 14: Block Diagram

Consider the feedback control system shown in the above. Derive the following transfer
functions [ 5 points each ] : (a) X&) (b) L& (o) Z2) () B2

R(s)’ W(s)’ R(s) W (s)
3.1 Solution of Prob. 3
From the block diagram, we have
el = R — Hly (2)
€y = G1€1 — Hgy (3)
Yy = (G2€2 + U}) Gg (4)
3.1.1  Solutions of (a) and (b)
Key step is to eliminate the signals e; and es in (2),(3), and (4).
Substituting (2) to (3) yields
e2 =G (R — Hiy) — Hay ()
Substituting (5) to (4) yields
y = [G2(G1 (R — Hiy) — Hay) + w| G3 (6)

Rearranging (6)
(1 + GQGg (HQ + HlGl)) Yy = G1G2G37’ + Ggw

Hence

Y(S) . GlGQGg
R(S) n 1+ G2G3 (H2 —+ HlGl)

and

Y(S) . Gg
W(S) N 1 —+ G2G3 (H2 —+ HlGl)




3.1.2  Solutions of (c) and (d)

Key step is to eliminate the signals y and ey in (2),(3), and (4).
Substituting (4) into (5), we have

€y = GlR - (G1H1 + Hg)y
= GlR — (G1H1 + HQ)(GQ@Q + ’lU)Gg

Rearranging the above equation, we have

(1 + (G1H1 -+ HQ)G2G3) €y = GlR — (GlHl + Hg)Ggw

Hence
EQ(S) _ G1
R(S) (1 + (G1H1 + H2)G2G3)
and
EQ(S) _ (G1H1 -+ HQ)Gg
W(S) (1 + (G1H1 + HQ)GQGg)
4 Prob. 4
R(s) %T g % Y(s)
G1(s) G2(s)

Figure 15: Block Diagram

(a) Find the values of K and T for which the system shown below is stable.

4.1 Solution of Prob. 4(a)

Y(s) G  KS+T)?
R(s) 1+G  $+K(S+T)?

The characteristic equation is
33—|—K(S—|—T)2:53+K32—|—2KT3—|—KT2é33+a32—|—b3+c
where
02K b22KT, ¢c2 KT?

The Routh’s array is

53 1 b

52 a c

81 ab—c O
0 a

S c 0



For stability, we have

ab—c_ K2KT — KT?

a=K>0,c=KI*>0, e =TQ2K —-T)>0
which is equivalent to
K>0,T2K-T)>0
or equivalently
K >0, sign(T) = sign(2K —T)
Let’s analyze the second condition further.
if T>0,then2K —T>0 =2K>T >0 (7)
if T<O0, then2K —-T <0 =2K <T <0 (8)

(7) is fine, while (8) contradicts K > 0.
Hence the stability condition is

2K > T > 0.

(b) When K = 3, find the values of 7' > 0 such that all poles lie strictly to the left of the
vertical line s = —% +jw, 0 <w < oo, if it is possible.

4.2  Solution of Prob. 4(b)

Consider the change of variable

Then the characteristic equation is

S+K(s+T) = (p— z)3 + K(p+ Z)2

2 2
T T2 T2
= (p—3)@* =0T+ —)+ K@*+pT—)
2 4 4
T2
= PP TP +T%/4—Tp*/2+T%p/2 —T?/8+ K(p* + pT—) =0

4

Since K = %, there is a solution p = 0 satisfying the above equation. Hence there is no 71" such
that all poles lie strictly to the left of the vertical line s = —% +jw, 0 <w < 0.

11



5 Prob. 5

2+s X(s)

G(s)

s+5
H(s)

Figure 16: Block Diagram

(a) Find z(t) if u(t) is a unit impulse function.

(b) Explain how you would change H(s) to guarantee that lim;_..,z(t) — 0 in the presence

of a ramp input u(t) 2 kt.
5.1 5.(a)

G(s) s+5 5+5

EEETEET ORI )

X(s) (52465 +6)  s(s+3+v3)(s+3—V3)

From partial fraction formula,

X(s) = $+05
s(s+34+V3)(s+3—V3)
_ é+ B N C
s s5+3+V3 s+3-V3
where
A = sX(s)|50:g
s+5 2—-V3
B = (s4+3+V3)X($)|,_ g = —-— = —=—
( JX(3)=s-v3 s(s+3—\/§8:_3_\/§ 2v/3(3 +/3)
s+5 2++/3
C = (5+3-V3)X($)yegps=—"+ =
( JXS)imsivs s(s+3+V3|__5, 5 2V3(-3+V3)
5.2 5.(b)
From the final value theorem,
: . : 1
x(00) :£%SX(S)_£1—I>%81+GHU(S) —il_r)r(l)smU(s)
Since u(t) = kt,
k



Hence

1 k 1 ko k

sl—r>rtl)s(s+1)+Hs SIL%SH(S)

~lms—— "
#(e0) sl—{%Ss(s +1)+Hs?

which means that sH(s)|s—o = co. Thus H(s) must have s? in the denominator and the roots
of 1 + GH must lie in the LHP.

6 Prob. 6

Figure 17: Block Diagram

Consider the feedback control system shown in the above.

(a) Determine A and K to satisfy the following specifications.

(i) The transfer function % is stable.

(i) maximum overshoot (M,) for a unit step input of less than 17%

(iii) 3% settling time ( ¢5) of less than 3.5 sec.

(b) Determine the system type with respect to the output y and the error( e =r —y) .

6.1 6.(a)
(i) The transfer function % is stable.
Y (s) G A A A w?

R(s) - 1+GH:,9(3+1)+A(1+K3) _32%—(1+AK)3+AZ,92%—2@)”3%—(4)721

Hence we have

2w, =1+ AK , w2 =A 9)
The Routh’s array is
2 1 A
P 14AK 0
0 A

Hence we have

A>0, 1+ AK >0
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(ii) maximum overshoot (M),) for a unit step input of less than 17%

__7x¢
M,=17% e Vi€ =017 = (=05

(iii) 3% settling time ( t5) of less than 3.5 sec.

et =003 = (w,=————=2"-=1

Since ( = 0.5, w,, = 2. From (9), we have
A=w2=4, 2Aw,=2=1+AK =1+4K

Hence 1 +4K =2 = K =0.25.

6.2  6.(b)

The error signal is

E(s) = R(s) — Y (s) = (1 _ %) (5)= 5 i(=21++1 + fgfi —R(s)

From the final value theorem,

5 s(s+1+ AK)
€ss = lims

s—0 $24+(1+ AK)s+ A
s(s+1+AK) 1

R(s)

= 1 -
02+ (1+ AK)s + As?
, (s+ 1+ AK) 1+ AK 2

— lim = =-=05
s—0s2+ (1+ AK)s+ A A 4
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7 Prob. 7

Figure 18: Block Diagram

A rigid spacecraft is controlled by reaction jets which operate in pairs to produce the torque
FL . A position plus rate feedback (PD) controller is employed for the controller H(s). The
rate gyro gain, K, and the position gain ,C', ae to be determined.

(a) When J =1 and L =4, determine K and C such that (i) and (ii) hold.

(i) The impulse response shows no oscillations.

(ii) The steady state position error, d.(00), is less than 0.01 in the presence of an effective
bias disturbance of magnitude Fy(t) = 1.

(b) Let C' =1 and K = 0.707. Find a proper location (L) for the jets so that the system
damping ratio ¢ is 0.707. That is, find L such that ( = 0.707.

(c) Suggest a feedback controller H(s) which will guarantee lim; ., 0.(t) = 0 regardless of
the magnitude of the bias disturbance Fy(t) = F,. ( Show this result of your design ) .

(d) Write a set of state equations for the system in the above block diagram. Define the state
variables as x1 = # and x5 = 6 and the input as u = F,;. Find the matrices A, B, C, and
D such that

x =Ax+Bu, y=Cx+ Du
A T A
where x = [ T, T } and y = x7.

(e) As a check on your answer in (e), compute the transfer function

Y (s)

) —C(sI-A)'B+D

and compare this answer with




7.1 7.(a)

(i) The impulse response shows no oscillations. = The characteristic equation must have real
roots. Since the transfer function

b G L
F, 1+GH Js®+LKs+ LC’

the characteristic equation is

L
=0
Js? + LKs+ LC ’
or equivalently
LK LC
2 L 90w, 2 _ 2 A 0
§°+ 20wps +w, =5 + JS+J
Thus
LC LK
2 - - —4C, Aw, = — =4K
T LA =7
Hence

4K K
wn:Q\/E, gzﬂzﬁ

For real roots,

(>1=>——=>1 (10)

8=

(ii) The steady state position error, 6.(c0), is less than 0.01 in the presence of an effective
bias disturbance of magnitude Fy(t) = 1.
Since the transfer function
b. G L
F, 1+GH Js2+LKs+ LC’

and using Fy(s) = 1, we have

L

be(s) = (T2 + LKs + LC)

From final value theorem,

L 1
0 = lim s6.(s) = li B
e(00) P e(5) tggloss(JSQ + LKs+ LC) C

From the requirements 6.(c0) < 0.01, we have

1
e(00) = o< 0.01 = C > 100. (11)

From (10) and (11), the conditions (i) and (ii) are equivalent to
1

> 1, 0.(00) = 5 <001

al=

One acceptible choise is

C =200, K =300
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7.2 7.(b)

7.3 T7.(c)

_ L/)(Js)  F,
T 14+ H(s)L/(Js?) s

0(s)

LF,

0(c0) = [50(8)]s=0 = Js2+ LH(s)

s=0

Hence choose any H (s) which has a pole at the origin, such as

Ks+C
H(s) = P

74 7.(d)

0(s) L
Fy(s)  Js2+ LKs+ LC

Cross multiplying and taking the inverse Laplace transformation yield
JO+ LK@+ LC = LF,(t)
Choose the state variables z; = 6 and x5 = . Then

jflsz‘g

. LK LC LF
Ty = ———Ty— —T1+ —
? J g

Hence we have

X =Ax+Bu, y=Cx+ Du

A T A
WhereX:[xl .1'2} , Yy =x1, and

A 0 1 A0
A:[_LC _LK]?B:[£]7C:[1 O:|,D
J J J

0



7.5 T.(e)

C(sI-A)'B+D=]1 o}[fc -1 ]Tg]

gost
Since
s -1 ] 1 s—}-ZJ—Kl
LO gy LE s(s+ By 4 L& | L s |
we have
S 1 17'To
C(SI_A)_1B+D — 10 [LC _LK [L]
| | A A A B
1 s+ 1[0
= 1 0
s(s 4+ &%) %{ [_LT s]15
L
- J [1 ol 1= L
s(s+ LK) 4+ L& 5 Js2 4+ LKs+ LC
which agrees with
Y (s) G(s) L

U(s) 1+G(s)H(s) Js*+ LKs+LC
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