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§24 1 ibhi, 2ibi 3 1.6

Exerclse 24 1) In each case, determme whether the system AX =} is solvable and, lf S0,
how many arbitrary variables will appear in the solution set.

1 -1 -1 -1 2
b.) A={1 1 2 1| b=|3
2 0 3 2 5

1 -1 -1 -1 2 1 -1 -1 -1 2 1 -1 -1 -1 2

AY=1 1 2 1 3|>|0 2 1 o0 1{>j0 1 1/2 0 1/2|—>
2 0 3 2 5 0 2 1 o0 1 0o 0 0 0 O
1 0 3/2 1 5/2
{0 1 1/2 0 1/2|= A}, therefore r(A")=2
00 0 0 0

1 -1 -1 -1 1 -1 -1 -1 1 -1 -1 -1
A=|1 1 2 1|->|0 2 1 0|—>|0 1 1/2 0 |—>

2 0 3 2 0o 2 2 0 o 0 o0 0
1 0 3/2 1
0 1 1/2 0|=A,,,, therefore r(A)=2
6 0 0 O

v Since: r(A)=2=r(A") it IS SOLVABLE,
v Arbltrary variables : dlmN(A)— n-r(A)=4-2=2

Exercise 24. 2) In each case, solve the system A X =b, leaving your solution in the form of
Theorem 24.4.
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b.) A=|1 1 1| b=|2
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Exercise 24.3) Suppose X and Y are solutions of the non-homogeneous system
AX =b. Show Z = w1X + sz is a solution of AX =5 if and only if wy +wy =1
(convex property).

( ANSWER IN BACK OF THE TEXTBOOK)

(=) Suppose Z =w;X +w,Y is asolution of AV =b.
Then b = AZ = AWy X +wyZ) = wiAX + wyAZ = wib + w,b.
Thus, b = (wq +w2)5 =0

Since b = 0 thenw; +wy =1.

(<) Suppose wy +wy =1
Then AZ = A(w, X + wy¥) = wiAX + wyAY = wib + w,b = (wy +wy)b=1b=h.
Thus, Z is a solution.

Exercise 24.4) IfSc R™ and X € R™, we will say that X is orthogonal to & (notation:
X185)if Xe Y=0forevery ¥inS. Further,for T c R™ wesay T L SifX LS for all

X in T. For all parts below, assume A is an m x n matrix.

Before we address the questions, let look at these notes:
E vector space  E;, E, subspace of E

E; L E, is orthogonal if X;1X,=0 forall X;c E; and X,c E, E;NE,={0}
X e EENE; X =(Xpy.0s Xp)  EjL E; @ X;1X,=0

n
Y XE=0 X, =0 fork=l,...n

/! /!
a.) Prove thatif ¥ | C(A), then ¥ € N(A").
Answer: AT Y=0 equivalent to V; A, oY =0

b.) Prove C(A) L N(AT).
Answer: X eC (A) and Y€ N(A") (see answer (a) as the 1* half of this proof)
XeV =0
¢.) Use Exercise 22.13 to show that dim N(AT) + dim C(A) = m.

Answer: Since dlmC(A)—dlmR(A) then dlmC(AT)
Therefore = dimN(A”) + dim C(A)=m

d.) If Byis a basis for C(A) and B, is a basis for N(A"), prove B, UB, is a basis for ®™.
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Answer: Show that By U B, is a basis for R will be R™ but also need to be
Linearly Independent. (Look to answer (c) for part of the explanation). N(A”) L C(A)

e.) Provethatif X 1 N(AT), then X e C(A).
Answer: Bjis a basis for C(A) Bi={x1se0sXp }
B, is a basis for N(AT) B 2={ ViseesVn }
X = @y peuns Xy ByY{ + ..+ B Y, 0




