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Complete set of Eigenvectors.  A;,...,4; Eigenvalues. A is an n x n matrix.
By ..., By bases N(A-21;I) B=BiuU..UB;c R" Sp BcR"

If Span B = R", then we call B the full set of Eigenvectors. B had n vectors.

Example where we have a full set of Eigenvectors:

0 0 1 00 2-4 0 0
3 0/-401 0|=f 0 3-4 O
0 3 0 01 0 0 3-24

A= C(A)=|A-AI |
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A1=2,23 =3, 23 =3 So A =2 has a multiplicity of one and 4 =3 has a multiplicity of 2.

2 00 X 2x
0 3 0j*|y|=|3y diag{2,3,3}
0 0 3 z 3z

1 o][o
N@A-2D)=sp{|0|t=B, also N(4-3D)=3|1}|0[}=B,
0 of|1

Sp{Bl | Bz }= Rn

THEOREM

A has a full set of eigenvectors If and Only If (IFF) A is similar to a diagonal matrix.
PROOF (=) (the 1* direction)

A has a full set of eigenvectors. V7,...,V),

We have to find a non-singular matrix P such that P "' 4P isa diagonal matrix.
Define: P =[V;,...,V,] (P is non-singular)

I= PP =PV, ¥, 1= [P W PW,]  forK=,..n P, =e,

PlAP= PTLAW, . V1= P YV, gV g s AV 1= P gV, P AV 5 PTLAY, | =
[P W] s Ay PV 1 = [ 241 ooy Ay | = diag {4y oy A }
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PROOF (€) (the other direction)

PAP = diag {4;,..,4,} =B A and B have the same eigenvalues. Also, the geometric

multiplicity is the same for each cigenvalue. dim(N(A- AI)) = dim(N(B- AI)). The complete
set of eigenvalues has n elements. (A full set). Full set spans full space.

EXAMPLE:

2 1 0] 1 0 0] [2-2 1 0
A=|0 1 0|-40 1 0(=] 0 1-2 0 |=0
-1 -1 3] [0 01 -1 -1 3-2
(3-4)*(2-21)*(1-1)=0 EigenvaluesareA=1, A=2,1L=3
(2 1 0 1 00 1 1 0

wheni=1then |0 1 0|-10 1 0|=|0 0 o
-1 -1 3] [0 0 1f [-1 -1 2

1 1 0 |x x+y=0=>x=-y 1
0 0 O+ y|=0 ~x-y+2z=0 ¥V;=|-1
-1 -1 2§ |z z=0 0
2 1 0] [too] [o 1 o
when)i=2then| 0 1 0|-2(0 1 0|=]0 -1 0
-1 -1 3 0 0 1 -1 -1 1
0 1 0f |«x y=0 1
0 -1 0[*|y|=0 -y=0 V,=10
-1 -1 1] |z -x-y+z=0 1
0 1 0 0 - 1 0
when L =3 then =310 1 0= -2 0
-1 -1 3 0 01 -1 -1 0
- x [—x+y=0 0
0 -2 0)*y 1 —2y=0 V3=1|0
-1 -1 0} |z ~-x—-y=0 1
1 1 0] 100
Therefore P equals these vectors |-1 0 0| andthus P714P=|0 2 0
0 11 0 0 3




