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It iswell-known that an American call option on a stock that pays no dividends during the
life of the option will not be exercised early and, hence, can be valued as a European option with the
standard Black-Scholes formula. If the underlying stock pays a dividend during the life of the
option, early exercise could possibly be optimal, thereby, giving the American call apremium over
aEuropean call and rendering the Black-Scholes model inappropriate.* Valuation of such an option
can be done by numerical methods, such as the binomial model, but it is also possible to obtain a
closed-form valuation model. For astock paying asingle dividend during thelife of the option, the
model is called the Roll-Geske-Whaley model after Roll (1977), Geske (1981), and Whaley (1981).
The model is based on Geske's (1979) compound option model.

Werequireonly that thereisbut one known dividend paid over theoption’ slife. Theamount
of thedividendisd and thetimein yearsuntil the ex-dividend dateist.? We assumethat asthe stock
goes ex-dividend, the stock price falls by the amount of the dividend, although this assumption can
be relaxed. We are also given the time to expiration in years, T, stock volatility, o, and the
continuously compounded risk-freerate, r. Let usfirst definethefollowing value S- de™, whichis
simply the stock price minus the present value of the dividend. We assume that this adjusted stock
price follows the standard lognormal diffusion that is typically used in modeling asset price

1t iswell-known that the lower bound of an American call on astock with dividendsis S- PV (X) - PV(D) where Sisthe
current stock price, PV (X) isthe present value of the exercise price and PV (D) is the present value of the dividends over the life of
the option. If this option were exercised, it would give a payoff of S- X. Clearly if X - PV(X) > PV(D) early exercise will not be
justified. Thiswill occur with acombination of small dividends, a high interest rate, and ahigh exercise price. Such an option can,
therefore, be valued using the Black-Scholes model with the stock price reduced by the present value of the dividends.

2For exampleif the ex-dividend day is 35 days from now, t = 35/365.
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dynamics.®> We denote the price of a European call on this stock as ¢(S,X,T,d,t) and the price of an
American call on this stock as C(S,X,T,d,t).
We can replicate the American call with the following combination of options:
@ A long position in a European call with timeto expiration T and exercise price X.
(b) A short position in a European compound call option where the underlying option
isthe European call in (4). This compound option has atime to expiration of t and
an exercise priceof S, + d - X, where S, is defined below.
(© A long position in a European call with timeto expiration of t and exercise price of
S.
The vaue S, is the critical ex-dividend stock price above which the American call would be
exercised the instant before the stock goes ex-dividend. Sinceit isan ex-dividend price, S, =S, -
d. Supposethat the optionisnot exercised and the stock goesex-dividend. Then, with no dividends
remaining over the life of the option, the option is a standard European call on a stock with no
dividendsand is easily valued by the Black-Scholes model with remaining timeto expiration of T -
t. If the option were exercised, it would pay off S + d - X where S is the ex-dividend stock price.
The option holder would have a stock worth S, adividend of d, but have paid out X. The critical
ex-dividend stock pricefor justification of exerciseistheonesuchthat ¢(S,, X, T-t) =S, +d- X. This
value must be derived iteratively by plugging in values into the Black-Scholes model with timeto
expiration of T - t until the option price equalsthe S; + d - X. A good starting point estimate of S,
isX - d sincethe option would haveto give apositive payoff to justify exercise, but the actual value
of S, islikely to be much higher. Standard iterative equation-solving techniques like Newton-
Raphson can speed up the search. If early exerciseis not justified at any price, due to too small of
adividend relativeto the other valuesinthemodel, S, will beinfinite. Inthat caseour fina solution
will converge to Black-Scholes.
Now let us see what happens to each of the three options at the ex-dividend instant.

S < S, (ex-dividend price isless than the critical price):

3Roll assumed that the full stock price followed the lognormal diffusion, but thiscannot betrueif the dividend component
of it isnon-stochastic. This correction was made by Whaley.
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(b)

(©)

Thisis aEuropean call and cannot be exercised until its expiration T. Itissimply
worth ¢(S X, T-t) when the stock goes ex-dividend.

This compound option will be exercised or not depending on whether the value of
the option in (a) exceeds the compound option’sexerciseprice S, + d - X. Sincethe
actual stock price S islessthan S, in this case, then c(S X, T-t) < ¢(S;, X, T-t), but by
definition ¢(S,, X, T-t) =S, +d- X. Thusc(S,X,T-t) <S, +d- X. Consequently, the
compound option is out-of-the-money and is not exercised.

Thisisan expiring Europeancall. Itsexerciseprice S, exceedsthe ex-dividend stock

price. So it expiresworthless.

Thusif S > S,, thiscombination of options produces no cash flow at thispoint and leavesusholding

a European call with remaining expiration T - t.

S > S, (ex-dividend price is greater than the critical price):

@
(b)

(©)

This call will be worth ¢(S, X, T-t) when the stock goes ex-dividend.

The compound optionisexpiring. Using the arguments presented abovefor (b), this
option is now in-the-money and is exercised. Since we are short this option, we
deliver the option in (a) and receive the exercise price S, + d - X.

This option is a European call expiring right now. Itsexerciseprice S, islessthan
thecurrent stock price S,. Soit expiresin-the-money. We own thisoption so we pay

S, and receive stock worth S.

Thusif S > S, theoverall cashflowisS-S, +S, +d- X =S +d- X. Thus, we paid out X and
received stock worth S and its dividend d.

It should be apparent that these cash flows are the same as those of an American call. We

can easily find the value of the American call by adding the values of options (a) and (c), which are

given by the Black-Scholes model, and subtracting the value of option (b), which as a compound

option is given by Geske's compound option formula. This can be written as
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(@) (S-de ™N,(a)-Xe "N(a,)
() (S-de "N, (b,.a,;p) - Xe "TN,(bua;p) - (S, +d - X)e "IN (b,)
(c) (S-de _")Nl(bl) - St*e _"Nl(bz),

where

4 - In(S-de X))+ (r+02%/2)T
=

oyT
a,=a,-o\T
In((S - de "Y/S,") + (r + 0X2)t
b =
oyt
b,=b, - o\t
p=-yiT

whereN,(.) isthe univariate normal probability and N,(.) isthe bivariate normal probability. These
formulas can be consolidated to equal
(S - de )N, (a,) - (X - d)e "N,(b,)
(S-de ™)[N,(b,) - Ny(b.a;5p)]
- Xe _rT[Nl(az) - Nz(bzaaz;p)]'
The following relationships exist between the univariate and the bivariate normal
distributions.
N, (X) - Nx(X,y;p) = No(X,-y;-p)
No(X,y;p) = N(y.x;p).
Therefore, the second expression in the equation directly above can be written as
(S - de™)N,(b,,-a;-p),
and the third expression can be written as
Xe"[N (&) - Ny(&,b,;p)] = X€Ny(8,,-b,;-p).
Thus, our formula can now be written as
(S- de™Ny(ay) + (S - de")N,(by,-a;-p) - XNy (&-by;-p) - (X - d)e"Ny(by).
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Now we can use the following relationships:
N.(@) + Ny(by,-a;-p) = Ny(b)) + Ny(a,-by;-p)
N, (a,) + Ny(by) - No(a,,by;p) = Ny(by) + Ny(a,,-by;-p),
implying that N, (&) - N,(a,-b;;p) = Ny(a,-b;;-p). Thus, we can use N,(b,) and N,(a,,-b;;-p) and
write the overall solution as
(S- de™N, (b)) + (S- de™)Ny(a,-b;;-p) - XE€TN,(@,,-b,;-p) - (X - d)e"Ny(b).

L et usexamine each of these four terms, using the interpretation based on the assumption of
risk neutrality. Thefirst term, (S - de™)N,(b,), is the discounted expected value of the stock price
at the ex-dividend day, conditional on the stock price exceeding the critical price. Thisreflectsthe
expected receipt of the stock upon exercise of the option immediately before the ex-dividend day.
(X - d)e"N,(b,) isthediscounted expected payout at the ex-dividend day from exercise of the option.
The probability term is the univariate probability of early exercise. (S - de™)N,(a;,-b;;-p) is the
discounted expected value of the stock price at the expiration, given that the option was not
exercised early and ends up in-the-money. The final term, Xe"N,(a,,-b,;-p), is the discounted
expected payout of the exercise price at expiration, conditional on the option not having been
exercised early. Each of these interpretations is based on the assumption of risk neutrality, which
as we know, is not valid but permits correct pricing of options. Thus, when we say one of these
probabilitiesisthe probability of something occurring, wemeantheprobability if investorswererisk
neutral.

Now let us observe how the formula convergesto the Black-Scholesformulafor the case of
zero dividends. Letting d =0, we have

SNy(b,) + SN,(a,-by;p) - XeN(&,-b,;-p) - XN,(b,).
Withd=0, S, - . Thenb, - - and b, - -o. Then N(b,) = N(b,) =0. So thisleaves uswith
SN,(a,-b;;-p) - XeN(&,-b,;-p).
The first probability in the equation above is defined as

b
1 1 1) x2-2 2
Nz(ap_bl;_p) = N1(a1)f—exp( _(E) X TopXYrY px);+y )dy
"= y2m(1 - p?) 1-p
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With -b, — o, then N,(a,,-b;;-p) = N,(a;;0;-p) is the joint probability that x < a, and b < . This
issimply N,(a). Similarly, N,(a,-b,;-p) = Ny(a,;%0;-p) = N,(a). Thisreducestheoverall expression
to
SN, (&) - Xe"N,(a),

which is the Black-Scholes formula.
The Two-Dividend Case

Themodel has been extended to cover the case of two known dividendsduring thelife of the
option (Welch and Chen (1988) and Stephan and Whaley (1990). Let the first dividend be d; and
the time to the ex-dividend date be t, and the second dividend be d, and the time to the second ex-

dividend date bet, The solutionis

c(SX,Tdy . dysty) = (S - die ™)1 - Ny(-a,-b,,- e /Tyt T t/t)
- X[e _rthl(cz) +e~1t,Ny(by,~Cp;~ \/tth2)
+e "INy(ay,~b,,—cy; - \/tl/T - \/t2/T ,\/tl/t2))
+die TIN\(cy) + dye TPINy(;) + Ny(by, = /1]

where

In((S-die " -dye "YX)+ (r+ 02T

oyT

a;

a,=a,-oy/T
In((S-dye ™ +d,e "’2)/3,:) +(r+0%2),
1 =

b,=b, —o\/g

In((S - dye "+ dye S, + (r + 5221,

¢, = 0\/5
cy=cp - o\/a.

The critical stock prices are defined by the relationships,

(S, XT-ty,dpty-1) =S, +d, - X
(S, XT-t,) =S, +d,-X.
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Note that in the first case, the critical stock price at the first ex-dividend date must equate the
exercise value, the right-hand side, with the value of an American call. This American call price
would come from the one-dividend American call formula. At the second ex-dividend date, the
critical price equates the exercise value with the Black-Scholes price of a European call with time
T - t, remaining.

The probability Ns(X,Y,Z;Pyy,PxPy2) 1S the trivariate normal probabability. It can be
calculated by defining it in relation to the univariate normal probability as follows

y
Ny(x.y.2:P, 5P oP,,) = f N, n,(q)dq,

—co

AN
1
J1-e5) ({1-p5

where n,(q) isthe univariate normal density function. Numerical integration can usually be used to

evauate thisintegral.
In the two-dividend case, the problem can sometimesbe simplified. Consider thefollowing
cases, which are collectively exhaustive.
d=d,=0. Use the Black-Scholes model
d, <X(1-e" %), d,=0. Thefirstdividend istoo small to justify early exercise. Then
usethe Black-Scholesmodel with S- d,e™,; asthe stock price.
d,>X(1-€e",'1),d,=0. Earlyexerciseispossible at the first ex-dividend date, but not

at the second ex-dividend date. Usethe 1-dividend American

cal formula

d, < X(1 - €7, and

d, < X(1-e"T-1h), Both dividends are too small to justify early exercise. Then
use S-d,e"; - d,e", asthe stock price in the Black-Scholes
model.

d, < X(1 - €7, and

d,>X(1-e"Lh), The option will not be exercised at the first ex-dividend date

becaused, istoo small, but it could be exercised at the second

ex-dividend date. Usethe 1-dividend American call formula,
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but you will still need to subtract the present value of both
dividends from the stock price.

d, > X(1-€e",)h and

d, <X(1-e"TH), Theoption could be exercised at the first ex-dividend date but
not the second. Use the 1-dividend American call formula,
but you will still need to subtract the present value of both
dividends from the stock price.

d, > X(1- e, and

d,>X(1-e"Th), Theoption could beexercised at either ex-dividend date. Use

the 2-dividend American call formula

For morethan two dividends, the model would extend in the sasmemanner. For ndividends,
onewould berequired to evaluate an (n+1)-variate normal probability distribution, but computation
of multivariate normal integrals is quite difficult. In that case one usually would use a numerical

method such as abinomial or finite difference approach.
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